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We study the long time behaviour of nonnegative solutions of a porous media
equation with absorption
m < < py1 Nu s Du y u u in Q s R = 0, ` , 1 .  .t
u x , 0 s f x , 2 .  .  .
 .q  4  .where m ) 1 y 2rN , max 1, m - p - m q 2rN, and f x is a given bounded
nonnegative function satisfying
< < alim x f x s A ) 0, 3 .  .
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 .determined by the unique nonnegative solution of 1 with an initial function
< <yau x , 0 s A x , A ) 0. .
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1. INTRODUCTION
In this paper we discuss the asymptotic behaviour of nonnegative solu-
tions of a porous media equation with absorption
m < < py1 Nu s Du y u u in Q s R = 0, ` , 1.1 .  .t
u x , 0 s f x , 1.2 .  .  .
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 .q  4  .where m ) 1 y 2rN , max 1, m - p - m q 2rN, and f x is a given
bounded nonnegative function.
w xIt was shown by Peletier and Zhao 14 that the long time behaviour of
nonnegative solutions is classified by a class of solutions with self-similarity
 .depending on the parameters m, p and the asymptotic behaviour of f x
< <  w x w x.as x ª ` see also 5 and 7 . In fact, let
< < alim x f x s A ) 0, 1.3 .  .
< <x ª`
 w x .then the followings were known see 14 for details :
 .  .1 Suppose p ) 1, 0 - a - 2r p y m . Then the long time be-
 .haviour is determined by a flat solution of 1.1 which depends only on
time variable, that is,
W x , t s C*ty1r py1. , 1.4 .  .`
 .y1r py1.where C* s p y 1 .
 .  .2 Suppose p ) m q 2rN, 2r p y m - a - N. Then the absorp-
tive term is negligible and the large time behaviour is determined by the
solution of a degenerate diffusion equation
u s Dum in Q 1.5 .t
with an initial value
< <yau x , 0 s A x , 1.6 .  .
1  N .which belongs to L R since a - N.loc
 .3 Suppose p ) m q 2rN, a ) N. Then there corresponds a singu-
 .lar solution of 1.5 with a certain total mass.
 .  4  .4 Suppose max 1, m - p - m q 2rN, a ) 2r p y m . Then the
 .long time behaviour is governed by the very singular solution of 1.1
 .under the assumption that there exists a unique very singular solution .
 .For m s 1, Eq. 1.1 becomes a semilinear heat equation with absorp-
tion
u s Du y u p 1.7 .t
w xand, for 1 - q - 1 q 2rN, Escobedo et al. 4 have found another type of
 .a self-similar solution corresponding to a s 2r p y 1 . It was discovered
w x  .in 10 that this solution is in fact a unique nonnegative solution of 1.7
 .with initial data 1.6 . Notice that the initial function is no longer locally
integrable in RN if a ) N and the uniqueness of solutions is not guaran-
teed in general unless the nonnegativity is assumed.
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Motivated by these results we shall consider a borderline case;
2
a s 1.8 .
p y m
 4together with the assumption that max 1, m - p - m q 2rN, equiva-
 .  .lently, a ) N. The conditions in 1 and 4 then become
< < a < < alim x f x s ` and lim x f x s 0, .  .
< < < <x ª` x ª`
respectively.
The first purpose of this paper is to prove that there exists a unique
 .  .nonnegative solution of 1.1 with initial data 1.6 for every A ) 0. By a
 .  .4solution we mean a continuous function u x, t on Q y 0, 0 and satisfy-
 .ing 1.1 in the sense of a distribution in Q. The solution we find will be
radially symmetric self-similar and of the form
y1r py1. < < y1r bW x , t s t f h , h s x t , .  .A
where
2 p y 1 .
b s p y 1 a s .
p y m
and f satisfies a degenerate differential equation
N y 1 h 1
m m pf 0 q f 9 q f 9 q f y f s 0, h ) 0, .  .
h b p y 1 1.9 .
2r pym.f h G 0, f 9 0 s 0, lim h f h s A. .  .  .
hª`
 .q  4  .Let m ) 1 y 2rN , max 1, m - p - m q 2rN, and a s 2r p y m ,
then
 .  .THEOREM A. There exists a unique nonnegati¨ e solution W x, t of 1.1A
< <yawith an initial trace A x for e¨ery A ) 0.
The second object is to show that the long time behaviour of nonnega-
 .  .  .  .tive solutions of 1.1 and 1.2 satisfying 1.3 is governed by W x, t .A
 .  .  .  .THEOREM B. Let u x, t be a solution of 1.1 and 1.2 satisfying 1.3 .
Then
1r py1. < <lim t u x , t y W x , t s 0 .  .A
tª`
 N < < 1r b 4uniformly on the set x g R : x F g t for e¨ery g ) 0. Moreo¨er
< < alim x u x , t s A , for t ) 0. .
< <x ª`
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For the proof of Theorem B we apply the standard scaling method and
  .4show that a family of solutions u x, t , withl
u s lau l x , l bt , .l
 .converges to W x, t as l ª ` uniformly on every compact subset ofA
 .4  .Q y 0, 0 see Section 3 . The limiting process is quite similar to the one
w xin 14 and the essential difference and difficulty arise when we want to
show the uniqueness and identify its limit. This is done in the proof of
Theorem A. In fact, the main contribution of this note is the uniqueness
 .proof of problem 1.9 . Then the proof of Theorem A is completed once
we construct a minimal solution and a maximal one, which become
 .self-similar solutions see Section 2 .
 .In the final section it is observed that the monotone limit of W x, tA
yields a very singular solution by taking A ª 0. This gives another view of
the very singular solution. The uniqueness question of the very singular
w x w xsolution has been addressed in 9 for m ) 1 and 2 for m s 1. The case
 .q1 y 2rN - m - 1 requires additional efforts and is interesting in itself.
 w x.Hence the proof is completed in the second part of this paper see 11 .
2. PROOF OF THEOREM A, UNIQUENESS
Throughout this paper we assume
q2 2 2
 4m ) 1 y , max 1, m - p - m q , and a s . /N N p y m
 .Let u x, t be a nonnegative solution of
u s Dum y u p 2.1 .t
satisfying
< <yalim u x , t s A x , for x / 0. 2.2 .  .
tª0
< <For any x / 0, let R s x r2 and0 0
KRa
¨ x s . . a22 < <R y x y x .0
 .Then we may take K large enough so that ¨ x becomes a supersolution
 . < <  . < <of 2.1 for x y x - R and t ) 0. Since ¨ x s ` for x y x s R we0 0
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w xmay apply the maximum principle 1, 12 to obtain
< <0 F u x , t F ¨ x , for x y x - R . .  . 0
In particular,
a < <ya0 F u x , t F ¨ x s 2 K x . .  .0 0 0
Since K may be taken independently of x , we have0
a < <ya0 F u x , t F 2 K x . 2.3 .  .
Another application of the maximum principle yields a bound
 .y1r py1y1r py1.u x , t F C*t , C* s p y 1 . 2.4 .  .  .
w xFollowing the idea of 8 , we now construct a minimal and a maximal
solution. Let us define a set
S s u x , t : u is a nonnegative solution of 2.1 and 2.2 . 2.5 4 .  .  .  .
We first show that this set is nonempty by constructing a minimal solution.
 .  .Let ¨ x, t be the unique solutions of 2.1 with initial datak
< <ya 4¨ x , 0 s min k , A x . .k
 .A minimal solution is constructed by taking a monotone limit of ¨ x, t .k
 .  .PROPOSITION 2.1. The limit ¨ x, t s lim ¨ x, t is a minimal solu-k ª` k
 .  .tion of 2.1 satisfying 2.2 .
 .Proof. It is easy to see that ¨ x, t is a monotone increasing sequencek
 .  .of nonnegative solutions of 2.1 and bounded above by estimates 2.3 and
 .2.4 . Therefore its limit ¨ exists and is finite in Q. A classical theory
 .implies that ¨ is in fact a solution of 2.1 in Q.
 .We now show that ¨ also satisfies 2.2 . For x / 0 and t ) 0, let0 0
1< < < <Q s x , t : x y x - x , 0 - t - t . 2.6 .  . 4x , t 0 0 020 0
 .  .For any solution ¨ the bounds 2.3 and 2.4 hold and there exists ak
 N .constant M independent of ¨ such that sup ¨ F M. Let f g C Rk Q , kx t0 0
be chosen so that
ya 1< < < < < <f x s A x if x y x - x , . 0 04
1< < < <f x s M if x y x G x , . 0 02
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and
ya 1 1< < < < < < < <f x G A x if x F x y x - x . . 0 0 04 2
We consider the following initial boundary value problem:
m < < py1w s D w y w w , in Q , .t x , t0 0
1< < < <w x , 0 s f x , for x y x - x , .  . 0 02 2.7 .
1< < < <w x , t s M , if x y x s x , 0 - t - t . . 0 0 02
 .  . wProblem 2.7 has a unique solution w x, t and a comparison principle 1,
x  .  .12 yields ¨ x, t F w x, t in Q for all sufficiently large k. Taking ak x , t0 0
 .  .limit, we find that ¨ x, t F w x, t in Q . In particular, this implies thatx , t0 0
 . < <yalim ¨ x , t s A x .t ª 0 0 0
We finally show that it is minimal. Let u be a solution in S and let u bel
 .  .the solution of 2.1 which corresponds to the initial value u x, 0 sl
  .4  .  . Nmin k, u x, 1rl . Then, by construction, u x, 0 F u x, 1rl for x g R ,l
and by a comparison principle,
u x , t F u x , t q 1rl , for x , t g Q. 2.8 .  .  .  .l
 .Now we let l ª `. Then by the construction of the sequence u , u x, 0l l
 .  .ª ¨ x, 0 , whence by the uniqueness of solutions of 2.1 ,k
u x , t ª ¨ x , t , for x , t g Q. 2.9 .  .  .  .l k
On the other hand, it is readily seen that
u x , t q 1rl ª u x , t as l ª ` in Q. 2.10 .  .  .
 .  .Thus we find that ¨ x, t F u x, t in Q. Taking k ª `, one sees that ¨ isk
in fact a minimal solution.. A maximal solution is constructed by taking a
supremum of the set S.
 .  .PROPOSITION 2.2. There exists a maximal solution of 2.1 satisfying 2.2
 .gi¨ en by V x, t s sup S.
Proof. The set S is nonempty since it contains a minimal solution
 .  .  .¨ x, t as found in Proposition 2.1. By 2.3 and 2.4 , V is finite in Q.
w xMoreover, by a local regularity theory 3 , V is continuous in Q. We
consider for every n ) 0 a Cauchy problem
m < < py1u s D u y u u , in Q, .t 2.11 .
u x , 0 s V x , 1rn , .  .
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and let u be the corresponding solution. Since for every solution u ofn
 .  .  .  .2.1 ] 2.2 we have u x, 1rn F u x, 0 , the same will happen for everyn
 .  .t ) 0. Hence taking a supremum we get V x, t q 1rn F u x, t in Q. Letn
0 - n - m. Then
u x , 0 s V x , 1rn F u x , 1rn y 1rm .  .  .n m
 .  .and we have u x, t y 1rn F u x, t y 1rm in Q. Thus we have provedn m
  .4that the sequence u x, t y 1rn is monotone increasing in n. Then
 .  .monotone limit W s lim u x, t y 1rn is a solution of 2.1 .nª` n
For the completion of the proof we need to show that W satisfies the
 .initial condition 2.2 . For x / 0 and t ) 0 and any solution u g S the0 0
 .  .bounds 2.3 and 2.4 hold and there exists a constant M independent of
 .u such that sup u F M. Comparison with the solution of 2.7 yieldsQ ,x t0 0 .  .  .u x, t F w x, t in Q . Taking a supremum, we find that V x, t Fx , t0 0
 .w x, t in Q . In particular, this implies thatx , t0 0
< <yalim V x , t s A x . .0 0
tª0
Now for any e ) 0, there exists n ) 0 such that, for every n G n and for0 0
< < < <x y x F 1r2 x ,0 0
< <yau x , 0 s V x , 1rn F A q e x . .  .  .n
 .Applying the above comparison argument, we may state that u x, t Fn
 .  .  .w x, t in Q and thus u x, t y 1rn F w x, t q 1rn for 1rn - t -e x , t n e0 0
 .  .t q 1rn, where w is a solution of 2.8 replacing f x and M by0 e
 .  .  .1 q e f x and 1 q e M, respectively. Letting n ª ` and e ª 0, we
 . < <yamay conclude that W x , t converges to A x as t ª 0. By the defini-0 0
tion of V we must have V s W.
 .Equation 2.1 is invariant under spacial rotation and scaling transfor-
 . a  b .mations u x, t ª u s l u l x, l t and the set S is also preserved underl
 .  .these. Recall that a s 2r p y m and b s p y 1 a . Hence both the
minimal and the maximal solution have to be invariant under these
transformations and are spherically symmetric self-similar solutions.
Therefore both of the solutions can be written in the form
u x , t s ty1r py1. f r , 2.12 .  .  .
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< < y1r bwhere r s x t and f satisfies an ordinary differential equation
N y 1 r 1 py1m m < <u 0 q u 9 q u9 q u y u u s 0, r ) 0 .  .
r b p y 1
2.13 .
and additional conditions
u r G 0, u9 0 s 0, lim r au r s A ) 0. 2.14 .  .  .  .
rª`
Hence the proof of Theorem A is reduced to showing the uniqueness of
 .  .solutions of 2.13 ] 2.14 .
 .  . 1w ..Let u be a solution of problem 2.13 ] 2.14 . Then u g C 0, ` and
m 2w ..u g C 0, ` . In particular we have
um r 9 1 1 . .
m plim s u 0 0 s u 0 y u 0 . 2.15 .  .  .  .  . /r N p y 1r x0
 .The next lemma implies that u r is less than C*, positive, and strictly
w .decreasing on 0, ` .
 .  .  .LEMMA 2.3. Suppose u r is a solution of 2.13 satisfying 2.14 . Then:
 .  .  .  .1 If u r s u9 r s 0 for some r G 0, then u r s 0 for all r G r .0 0 0 0
 .  .2 0 - u r - C* for all r G 0.
 .  . w .3 u r is decreasing on 0, ` .
 .  .  .4 If 0 - u 0 F g , then u r ¨anishes for some r ) 0. Here g s0 0
  . .1r py1.1r p y 1 y Nrb .
 .  .Proof. 1 Suppose not. Then we may assume that u r ) 0 and
 . .  . Ny1u9 r ) 0 for r - r - r q e for some e ) 0. We multiply 2.13 by r0 0
 .and integrate over r , r , where r - r - r q e . Then we obtain0 0 0
N rr a y N
Ny1 m Ny1r u 9 r q u q s u s ds .  .  .H
b b r0
r
Ny1 ps s u s ds. 2.16 .  .H
r0
From the assumption,
N rr 1
Ny1 p N N pu r F s u s ds F r y r u r .  .  . .H 0b Nr0
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or
N1 1 r0py1F u r 1 y . .  5 /b N r
We take r ª r to get a contradiction.0
 .2 Suppose to the contrary that
u r s sup u r N r G 0 G C*. 4 .  .0
 .  m.  .Then u9 r s 0 and u 0 r F 0. Note that C* ) 0 is a constant solu-0 0
 .tion of 2.13 and the uniqueness of solutions of an ordinary differential
 .  .equation implies that u r ) C*. If r ) 0, we deduce from 2.13 that0 0
1
m pu 0 r s y u r q u r ) 0, .  .  .  .0 0 0q y 1
which leads to a contradiction. If r s 0, then we draw another contradic-0
 .  .  .tion from 2.15 . We also see from 1 that u r ) 0.
 .  .3 Suppose that u9 r G 0 for some r ) 0. Then in view of Eq.0 0
 .  .2.15 there exists r g 0, r such that1 0
u9 r s 0, um 0 r G 0. .  .  .1 1
 .  .On the other hand, we have 0 - u r - C* and we see from 2.13 that0
 m.  .u 0 r - 0.1
 . w x4 The case m s 1 is proved in 4, Lemma 10 . Hence we may
 .assume that m / 1. Suppose to the contrary that u r ) 0 for all r G 0.
 .2.13 is rewritten as
r N 1
Ny1 m Ny1 pr u 9 9 q u9 q r u y u s 0, r ) 0. 2.17 .  . .  /b p y 1
 .If we integrate over 0, r and integrate by parts, we find that
N rr N 1
Ny1 m Ny1r u 9 r q u r s y s u s ds .  .  .  .H /b b p y 1 0
r
Ny1 pq s u s ds. 2.18 .  .H
0
 .  .Since u r ) 0 and u9 r - 0 for all r ) 0,
r rpy1Ny1 p Ny1s u s ds F u 0 s u s ds, .  .  .H H
0 0
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 .and hence, by 2.18 ,
r1 py1Ny1 m N py1 Ny1r u 9 r q r u r F y g y u 0 s u s ds F 0. .  .  .  .  . .H0b 0
2.19 .
Therefore
r
mu 9 r q u r F 0, for r ) 0, .  .  .
b
which implies that
r
my 2u u9 F y .
mb
 .If we integrate over 0, r , we obtain that
my 1my1 2u y u 0 r .
F y , r ) 0. 2.20 .
m y 1 2mb
When m ) 1,
m y 1my 1my1 2u F u 0 y r , r ) 0 .
2mb
 .  .qand u r becomes zero for some r ) 0. When 1 y 2rN - m - 1,
 .1r my11 y mmy 1 2u r F u 0 q r . 2.21 .  .  . /2mb
 .  .Now let r ª ` in 2.19 . Then in view of 2.21 ,
` defpy1Ny1 m py1 Ny1lim sup r u 9 r F y g y u 0 s u s ds s y 2d . .  .  .  . .H0
0rª`
Hence there exists R ) 0 such that0
r Ny1 um 9 r - yd , for r ) R , .  . 0
or
um 9 r - yd r1yN . 2.22 .  .  .
 .  .For N ) 2, choose R ) r ) R , and itegrate 2.22 over r, R to obtain0
d
m m 2yN 2yNu R y u r - R y r . .  .  .
N y 2
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Taking R ª `, we have
d
m 2yNu r ) r , .
N y 2
 . which is incompatible with the earlier estimates 2.21 . Notice that 2 y
.  .N rm - 2r m y 1 . For N s 1 or N s 2, one has
um r G um R q d R y r .  .  .
or
um r G um R q d ln R y ln r , .  .  .
 .respectively. In any case, u r becomes unbounded if R ª `, which is
impossible.
 .  .We now turn to the uniqueness proof of problem 2.13 ] 2.14 . Let f
 .  yd .  .and F be any solutions. If we define f r s kf k r with d s m y 1 r2.k
w .Then for k large enough f will be larger that f on 0, ` . In fact, notek
that
a
a 1qda yd yd 1qdalim r f r s lim k k r f k r s k A .  .  .k
rª` rª`
s k  py1.r pym.A ) A s lim r aF r 2.23 .  .
rª`
 .from 2.1 . The limits are uniform for k G 2 if m - 1 or d - 0. In the case
 .  .  .of m ) 1, f r G f r if k G 2 since f r decreases. Hence we can takek 2
 .  .first R ) 0 such that f r G F r for all r G R and all k G 2. Then we0 k 0
may take k large enough so that f is larger than F.k
Now we define
l s min k ) 1 N f r G F r , 0 F r - ` . 2.24 4 .  .  .k
The uniqueness proof is reduced to showing that l is not greater than 1.
 .  .  .Suppose not. From 2.23 , f r must touch F r in a compact subset ofl
w .0, ` . Otherwise one can slightly reduce the factor l and still have the
 .same inequality in 2.24 .
 .We now note that f r solvesl
N y 1 r 1
Xm m p p pf 0 q f 9 q f q f y f s l y l f . 2.25 .  . .  .l l l l lr b p y 1
 .  .If f touches F at r ) 0, then f 9 r s F9 r / 0 andl 0 l 0 0
f m 0 r - F m 0 r . .  .  . .l 0 0
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 .  .But f r G F r near r s r , which obviously violates the strong maximuml 0
principle.
The only possibility to be checked is the case when f and F touch atl
 .the origin. We have from 2.15 and Lemma 2.3 that
1 1
m m pf 0 0 s l f 0 0 s f 0 y f 0 .  .  .  .  . .l  /N p y 1
1 l
p p m- l f 0 y f 0 s F 0 0 , .  .  .  . /N p y 1
 .  .which leads to a contradiction since f r G F r near the origin. Hence wel
 .  .  .  .may conclude that l s 1 and f r G F r and f r s F r reversing the
 .roles of f and F, which proves the uniqueness of solutions of 2.1
 .  .satisfying 2.2 . We will denote by W x, t the corresponding solution forA
every A ) 0.
3. ASYMPTOTIC BEHAVIOUR, PROOF OF THEOREM B
 .  .  .  .Let u x, t be a nonnegative solution of 1.1 and 1.2 satisfying 1.3
a  b .  .and let u s l u l x, l t . Then u also satisfies 1.1 . The asymptoticl l
 .behaviour as t ª ` and N x Nª ` are deduced from the limiting be-
haviour of u as l ª `. This scaling method is well known for the study ofl
the long time behaviour of solutions and this method can be also applied
 .to the study of behaviour of a solution u x, t as N x Nª ` for t ) 0.
 .We first show that its limit as l ª ` exists and is in fact the solution
 .W x, t .A
 .  .  .PROPOSITION 3.1. Let u x, t be a solution of 1.1 and 1.2 satisfying
 .  .  .1.3 . Then u x, t con¨erges to W x, t uniformly on e¨ery compact subsetl A
 .4of Q y 0, 0 as l ª `.
Proof. We see from the maximum principle that, for every l ) 0,
0 F u x , t F a*ty1rqy1. , t ) 0. 3.1 .  .l
 4Thus u are uniformly bounded and uniformly Holder continuous onÈl
 w x.every compact subset of Q see 14 . Hence we may extract a subsequence
 .  .u and U x, t in C Q such thatln
u ª U as n ª `ln
uniformly on every compact subset of Q. The limit function U satisfies
 .2.1 in the sense of distribution and it suffices to show that U satisfies
 .2.2 .
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Given any e ) 0, there exists R ) 0 such that
< <ya < <ya < <A y e x F u x F A q e x , for x G R . 3.2 .  .  .  .0
 .  .  .  .When u x, t is a solution of 1.1 and 1.2 satisfying 1.3 , we obtain
ya
< < < <0 F u x , t F K x y R , for x ) R , 3.3 .  .  .
  ..as before see 2.4 . For any x / 0 and t ) 0, there exists L ) 0 such0 0
< <that, for every l G L, sup u is uniformly bounded andQ , lx t0 0
ya ya 1a< < < < < < < <A y e x F l u l x F A q e x if x y x - x . 3.4 .  .  .  .0 0 02
 . Here Q is defined in 2.7 . Applying the comparison argument see thex , t0 0
.middle of the proof of Proposition 2.1 , we get
< <yalim sup U x , t s A q e x , .  .0 0
tª0 3.5 .
ya< <lim inf U x , t s A y e x . .  .0 0
tª0
 .Taking e ª 0, we see that U satisfies 2.2 . Therefore we may conclude
 .  .that U x, t is W x, t from the uniqueness theorem, which completes theA
proof.
We now prove Theorem B. If we set t s 1 and let l ª `, then we
obtain
lim lau l x , l b s W x , 1 .  .A
lª`
uniformly on every bounded subset in RN. From the scaling invariance
property, one also has
W x , 1 s laW l x , l b . .  .A A
Thus, with l b s s and l x s y, we find that
1rqy1. < <lim s u y , s y W y , s s 0 .  .A
sª`
 . < < 1r b 4uniformly on sets y, s : y F g s , g ) 0. This proves the first part. If
< < < < bwe set l s x and s s tr x , then
x x
a a b< <lim x u x , t s lim lim l u l , l s s lim W , s s A , . A /  /< < < <x x< < sª0 lª` sª0x ª`
which proves the rest of Theorem B.
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4. A VERY SINGULAR SOLUTION, PROOF OF
THEOREM C
 .  .When A s 0, a nonnegative solution of 1.1 satisfying u x, 0 s 0 for
N  4all x g R y 0 is not unique any longer. There exist fundamental
 .  .singular solutions w with initial data Md x for every M ) 0, whereM
 . w x w x w xd x denotes the Dirac mass, and a very singular solution. See 2 , 6 , 9 ,
w x11 , and references therein. A very singular solution is a smooth nonnega-
 .  .  . Ntive function W x, t which solves Eq. 1.1 , W x, 0 s 0 for all x g R ,
and is more singular than fundamental solutions; specifically
lim W x , t dx s `. 4.1 .  .H 0
tª0
The uniqueness of a very singular solution can be verified by modifying
the proof of Theorem A. In fact Proposition 2.1 still holds when A s 0
and a minimal very singular solution is obtained as a limit of fundamental
solutions simply by taking the initial total mass M to an infinity. The
minimal property and the uniqueness of a very singular solution for m ) 1
w x w xare proved in 9 . Uniqueness for m s 1 is proved in 2 . If m ) 1, then
 .every singular solution of 1.1 has a compact support and the support of
 .  yd .  .the rescaled function f r s kf k r , d s m y 1 r1, is enlarged fork
k ) 1. Hence we can apply the same argument given in the proof of
 .qTheorem A. But if 1 y 2rN - m - 1, then singular solutions become
positive in Q and we need to investigate the exact asymptotic decay rate of
 .solutions of 2.13 . This requires more effort and the uniqueness proof is
 w x.interesting in itself as completed in the second part of this paper see 11 .
 w x w xThere are several ways of finding a very singular solution see 2 , 9 ,
w x .and 13 for examples . Here we show that we may construct a very
 .singular solution simply by taking a monotone limit of W x, t .A
 .  .PROPOSITION 4.1. W x, t s lim W x, t is a ¨ery singular solution0 Ax 0 A
 .of 1.1 .
 .Proof. It is rather easy to see that W x, t is in fact monotonicallyA
 .  .decreasing. Suppose A ) A ) 0. Let u x, t and ¨ x, t be the unique1 2 k l
 .solutions of 1.1 with initial data
< <ya < <yau x , 0 s min k , A x , ¨ x , 0 s min l , A x , 4  4 .  .k 1 l 2
 .  .  .  .respectively. If k G l, then u x, 0 G ¨ x, 0 and u x, t G ¨ x, t in Qk l k l
from the standard comparison principle. We first take k ª ` and then
 .  .l ª ` and use uniqueness, Theorem A, to obtain W x, t G W x, t inA A1 2
 .Q. Hence the monotone limit W s lim W is a solution of 1.1 . Since0 Ax 0 A
 .  .W x, t F W x, t for every A ) 0, it is also easy to see that0 A
 .  .lim W x, t s 0 for x / 0. It suffices to prove that W satisfies 4.1 .t ª 0 0 0
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 .  .Since W x, t is self-similar for every A ) 0, W x, t is also self-similarA 0
and can be written in the form
y1r py1. < < bW x , t s t f r , r s x rt , .  .0 0
 .for some function f satisfying 2.13 . By Lemma 2.3, one see that f is0 0
nontrivial. Now,
W x , t dx s c ty1r py1.qNr b .H 0 0
NR
 .for a certain positive constant c , which implies 4.1 .0
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